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1. Introduction
Since the inception of wavelets, their importance in the development of science and engi-
neering, particularly in the areas of signal and image processing, is widely acknowledged
[2],[1]. Despite the fact that wavelet transform provides an optimal approximation for one
dimensional data, it does not perform equally well in higher dimensions mainly due to
the intrinsic isotropic nature. Several methodologies have been introduced in the recent
literature to overcome these limitations of the traditional wavelet transform. In 2005, Ku-
tyniok and Labate [3] introduced the concept of shearlet transform for analyzing signals in
higher dimensions. Unlike the wavelet transform, the shearlet transform is non-isotropic
in nature and is ,therefore capable of capturing the geometric features of signals including
the detection of edges and surface discontinuities.
It is well known, shearlet theory is still in the developing phase and everyday many
efforts are being made to extend this theory to a wider class of function spaces. On the
other hand, considerable attention is also being paid for the representation of signals in
quaternion domain, so it is quite interesting to extend the classical shearlet transforms to
quaternion domains. The importance of the quaternion shearlet transform lies in the fact
that it shall be capable of transforming a real 2D singal into a quaternion valued frequency
domain while preserving the inherent features of the shearlet transform. Therefore, the
main aim of this article is to introduce and investigate different properties of quaternion
shearlet transforms using the machinery of quaternion Fourier transforms. Moreover,
we derive the classical Heisenberg–Pauli–Weyl inequality and logarithmic version of this
inequality [5] for the quaternion shearlet transforms.
2. Quaternion Algebra and Shearlet Transforms
The theory of quaternions was initiated by the Irish mathematician W.R Hamilton in 1842.
The quaternion algebra provides an extension of the complex number system to a four
dimensional non-commutative, associative algebra. The quaternion algebra is denoted by
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H and is given by
H =
{
h = a0 + i a1 + j a2 + k a3 : a0, a1, a2, a3 ∈ R
}
where i, j, k denote the three imaginary units, obeying the Hamilton’s multiplication rules
ij = k = −ji, jk = i = −kj , ki = j = −ik , and i2 = j2 = k2 = ijk = −1.
Let h1 = a0+ i a1+ j a2+ k a3,h2 = b0+ i b1+ j b2+ k b3 be any two elements in H, then
the addition in H is defined componentwise and the multiplication in H is defined as
h1h2 = (a0b0 − a1b1 − a2b2 − a3b3) + i (a1b0 + a0b1 + a2b3 − a3b2)
+ j(a0b2 + a2b0 + a3b1 − a1b3) + k (a0b3 + a3b0 + a1b2 − a2b1).
Moreover, given any quaternion h = a0 + i a1 + j a2 + k a3, the conjugate is given by
h = a0− i a1− j a2− k a3 and the norm is given by ‖h‖H = hh =
√
a02 + a12 + a22 + a32.
We note that any quaternion h = a0 + i a1 + j a2 + k a3 can be put in the form h =
(a0+ i a1)+ j (a2− i a3) = u+ j v, where u, v ∈ C. Also, h = u− j v, where u denotes the
complex conjugate of u. For any h1 = u1 + jv1, h2 = u2 + j v2 in H, the inner product is
given by
〈h1,h2〉H = h1h2 = (u1u2 + v1v2) + j(v1u2 − u1v2)
We see that any function F from R2 to H can be expressed as F (x) = f1 + j f2, where
f1, f2 are both complex valued functions. Here we note that the following notations will
be followed throughout this paper, Fˇ (x) = F (−x) and F˜ (x) = f1(x)− jfˇ2(x).
The function space L2(R2,H) consists of all measurable quaternion valued functions
F satisfying
‖F‖2 =
{∫
R2
(|f1(x)|2 + |f2(x)|2) dx
}1/2
<∞.
Let F = f1+ j f2, G = g1+ j g2 ∈ L2(R2,H), then the inner product in L2(R2,H) is given
by
〈F,G〉2 =
∫
R2
〈F,G〉H dx
=
∫
R2
{(
f1(x) g1(x) + f2(x) g2(x)
)
+ j
(
f2(x) g1(x)− f1(x) g2(x)
)}
dx.
An easy computation shows that L2(R2,H) equipped with inner product defined above is
a Hilbert space.
Definition 2.1. For any function F ∈ L1(R2,H) ∩ L2(R2,H), the quaternion Fourier
transform (QFT) is denoted by FQ and is given by
FQ
{
F (t)
}
(ω) = Fˆ (ω) =
∫
R2
e−2πit1·ω1F (t) e−2πjt2·ω2 dt, (2.1)
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where t = (t1, t2), ω = (ω1, ω2). The inverse quaternion Fourier transform corresponding
to (2.1) is given by
F (t) =
∫
R2
e2πit1·ω1Fˆ (ω) e2πjt2·ω2 dω.
Definition 2.2. For any two complex valued functions f, g ∈ L2(R2), the convolution is
given by
(f ∗ g)(t) =
∫
R2
f(x)g(t− x) dx, t ∈ R2.
In analogy with the above definition, given any two quaternion valued functions F,G ∈
L2(R2,H) such that F = f1 + jf2, G = g1 + j g2, the quaternion convolution is defined
as
(F ⋆ G)(t) =
[
(f1 ∗ g1) (t)−
(
fˇ2 ∗ g2
)
(t)
]
+ j
[(
fˇ1 ∗ g2
)
(t) + (f2 ∗ g1) (t)
]
, t ∈ R2.
The following theorem provides some of the fundamental properties of QFT, the proof
can be found in [8] .
Theorem 2.3. For any F,G ∈ L1(R2,H) ∩ L2(R2,H), the QFT has the following prop-
erties:
(1)Linearity : FQ (h1F + h2G) (ω) = h1FQ (F ) (ω) + h2 FQ (G) (ω), h1, h2 ∈ H.
(2)Parseval formula: |FQ (F ) (ω)‖ = ‖F‖.
(3)Convolution theorem: FQ [(F ⋆ G)(t)] (ω) = FQ [F ] (ω)FQ [G] (ω).
Before we proceed to establish the main results of this paper we shall briefly revise
the continuous shearlet transform. Let a ∈ R+, s ∈ R and t ∈ R2. Consider the square
matrices Aa =
(
a 0
0
√
a
)
and Ss =
(
1 s
0 1
)
. Then, the dilation, shear and translation
operators are respectively given as:(
DAaψ
)
(x) = |Aa|−1/2 ψ(A−1a x),(
DSsψ
)
(x) = ψ(S−1s x),(
Ttψ
)
(x) = ψ(x− t).
Consequently, the family of shearlets is given by
S =
{
ψa,s,t(x) = |Aa|−1/2ψ
(
A−1a S
−1
s (x− t)
)
: a ∈ R+, s ∈ R, t ∈ R2
}
.
Definition 2.4. Suppose that ψ ∈ L2(R2) satisfies the condition
Cψ =
∫
R
∫
R+
∥∥∥ψˆ(ωSsAa)∥∥∥2 da ds
a3/2
<∞, (2.2)
then we say that ψ is an admissible shearlet.
Definition 2.5. Let ψ ∈ L2(R2) be an admissible shearlet. For any f ∈ L2(R2), the
continuous shearlet transform is defined as
Sψf(a, s, t) = 〈f, ψa,s,t〉 =
∫
R2
f(x)ψa,s,t(x) dx. (2.3)
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Proposition 2.6. Let ψ ∈ L2(R2) satisfies the admissibility condition (2.2). For any
f ∈ L2(R2), the continuous shearlet transform can be represented as
Sψf(a, s, t) =
(
f ∗ ψˇa,s,0
)
(t), t ∈ R2.
Proof. We observe that
ψa,s,t(x) = |Aa|−1/2 ψ
(
Aa
−1Ss
−1(x− t)) ,
ψa,s,0(x) = |Aa|−1/2 ψ
(
Aa
−1Ss
−1x
)
,
ψˇa,s,0(x) = |Aa|−1/2 ψ
(
Aa
−1Ss
−1(−x)) .
Furthermore, we have
(
f ∗ ψˇa,s,0
)
(t) =
∫
R2
f(x) ψˇa,s,0(t− x) dx
= |Aa|−1/2
∫
R2
f(x)ψ
(
Aa
−1Ss
−1(−(t− x)))
= |Aa|−1/2
∫
R2
f(x)ψ
(
Aa
−1Ss
−1(x− t))
= Sψf(a, s, t).
Lemma 2.7. Suppose that f, ψ ∈ L2(R2) with ψ satisfying (2.2), then we have
F
(
Sψf(a, s, t)
)(
ω
)
= |Aa|1/2 fˆ(ω) ψˆ(ωSsAa).
Proof. By virtue of Plancheral theorem, we obtain
Sψf(a, s, t) =
∫
R2
f(x)ψa,s,t(x) dx
=
∫
R2
fˆ(ω) ψˆa,s,t(ω) dω
=
∫
R2
fˆ(ω)
(∫
R2
|Aa|−1/2ψ
(
Aa
−1Ss
−1(x− t))) e−2πiω·x dx) dω
= |Aa|1/2
∫
R2
fˆ(ω)
(∫
R2
ψ(z) e−2πiω·(SsAaz+t) dz
)
dω
= |Aa|1/2
∫
R2
fˆ(ω)
(
ψˆ(ωSsAa) e−2πiω·t
)
dω
= |Aa|1/2
∫
R2
fˆ(ω) ψˆ(ωSsAa) e
2πiω·t dω
= |Aa|1/2F−1
(
fˆ(ω) ψˆ(ωSsAa)
)
.
Applying Fourier transform on both sides of above equation, we get
F (Sψf(a, s, t)) (ω) = |Aa|1/2fˆ(ω) ψˆ(ωSsAa).
This establishes the desired result.
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Observation: A simple computation shows that, for i = 1, 2
F
[
ψia,s,t
]
(ω) = |Aa|1/2 F [ψi] (ω SsAa) e−2πiω·t,
F
[
ψˇia,s,t
]
(ω) = |Aa|1/2 F
[
ψˇi
]
(ω SsAa) e
−2πiω·t.
3. Quaternion Shearlet Transforms
In this Section, we shall introduce the notion of quaternion shearlet transforms and in-
vestigate some of their fundamental properties.
Definition 3.1. If Ψ ∈ L2(R2,H) satisfies the condition
CΨ =
∫
R
∫
R
∥∥∥Ψˆ(ω1, ω2)∥∥∥2
H
dω1dω2
ω21
<∞, (3.1)
then we say that Ψ is admissible. The condition (3.1) is called the admissibility condition.
Following [7] and using the linearity property of the quaternion Fourier transforms, we
can rewrite the admissibility condition (3.1) as
CΨ =
∫
R
∫
R+
∥∥∥Ψˆ(ωSsAa)∥∥∥2
H
da ds
a3/2
<∞. (3.2)
For Ψ ∈ L2(R2,H), we define the quaternion shearlet system as
Ψa,s,t(x) = |Aa|−1/2ψ
(
A−1a S
−1
s (x− t)
)
, a ∈ R+, s ∈ R, t ∈ R2. (3.3)
Corresponding to (3.3), we have the following definition of quaternion shearlet transform.
Definition 3.2. If Ψ ∈ L2(R2,H) and Ψa,s,t(x) is given by (3.3), then the integral
transformation SΨ defined on L2(R2,H) by
SΨF (a, s, t) =
〈
F,Ψa,s,t
〉
2
=
∫
R2
F (x)Ψa,s,t(x) dx.. (3.4)
is called quaternion shearlet transform of F (x).
By virtue of the quaternion convolution, we can rewrite quaternion shearlet transform
(3.4) as
SΨF (a, s, t) =
(
F ⋆ ˇ˜Ψa,s,0
)
(t), t ∈ R2. (3.5)
We now prove a lemma which gives the decomposition of the quaternion shearlet transform
in terms of the ordinary shearlet transform.
Lemma 3.3. If F,Ψ ∈ L2(R2,H) , then the quaternion shearlet transform (3.4) can be
decomposed as
SΨF (a, s, t) =
(
Sψ1f1 + Sψˇ2 fˇ2
)
(a, s, t) + j
(
Sψ1f2 − Sψˇ2 fˇ1
)
(a, s, t).
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Proof. For any t ∈ R2, we observe that
SΨF (a, s, t) =
(
F ⋆ ˇ˜Ψa,s,0
)
(t)
=
[
(f1 + jf2) ⋆
(
ψˇ1a,s,0 − jψ2a,s,0
)]
(t)
=
(
f1 ∗ ψˇ1a,s,0
)
(t) +
(
fˇ2 ∗ ψ2a,s,0
)
(t) + j
[(
f2 ∗ ψˇ1a,s,0
)
−
(
fˇ1 ∗ ψ2a,s,0
)]
(t)
(3.6)
For k = 1, 2, we have
(
fˇk ∗ ψ2a,s,0
)
(t) =
∫
R2
fˇk(x)ψ2a,s,0(t− x) dx
=
∫
R2
fˇk(x) ψˇ2a,s,0(x− t) dx
=
∫
R2
fˇk(x) ψˇ2a,s,0(x− t) dx
= Sψˇ2 fˇk(a, s, t).
Plugging the above estimates in (3.6) and then using Proposition 2.6, we obtain
SΨF (a, s, t) =
(
Sψ1f1 + Sψˇ2 fˇ2
)
(a, s, t) + j
(
Sψ1f2 − Sψˇ2 fˇ1
)
(a, s, t).
In the following theorem, we assemble some of the basic properties of the quaternion
shearlet transform.
Theorem 3.4. For any F ,G ∈ L2(R2,H), the quaternion shearlet transform (3.4) sat-
isfies the following properties:
(i) Linearity: SΨ (h1F + h2G) (a, s, t) = h1SΨF (a, s, t) + h2SΨ(a, s, t), h1, h2 ∈ H
(ii) Anti-linearity: Sh1Ψ+h2ΦF (a, s, t) = h1 SΨF (a, s, t) + h2 SΦ(a, s, t)
(iii) Translation: SΨ (Tt′F ) (a, s, t) = [Sψ1f1] (a, s, t− t′) +
[
Sψˇ2 fˇ2
]
(a, s, t+ t′)
+j
(
[Sψ1f2] (a, s, t− t′)−
[
Sψˇ2 fˇ1
]
(a, s, t+ t′)
)
, t′ ∈ R2
(iv) Scaling: SΨ (F (λ x)) (a, s, t) = 1
λ
[SΨF (x)] (a, s/λ, λ t), λ ∈ R.
Proof. (i). For h1, h2 ∈ H, we have
SΨ (h1F + h2G) (a, s, t) =
(
(h1F + h2G) ⋆
ˇ˜Ψa,s,0
)
(t)
=
∫
R2
{
(h1F + h2G) (x)
ˇ˜Ψa,s,0(t− x)
}
dx
=
∫
R2
h1F (x)
ˇ˜Ψa,s,0(t− x) dx+
∫
R2
h2G(x)
ˇ˜Ψa,s,0(t− x) dx
= h1
(
F ⋆ ˇ˜Ψa,s,0
)
(t) + h2
(
G ⋆ ˇ˜Ψa,s,0
)
(t)
= h1SΨF (a, s, t) + h2SΨ(a, s, t)
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(ii). For h1, h2 ∈ H, we have
Sh1Ψ+h2ΦF (a, s, t) =
(
F (x) ⋆
ˇ˜{
h1Ψ(a,s,0) + h2Φa,s,0
})
(t)
=
∫
R2
F (x)
ˇ˜{
h1Ψ(a,s,0) + h2 Φa,s,0
}
(t− x) dx
=
∫
R2
h1 F (x)
ˇ˜Ψa,s,0(t− x) dx+
∫
R2
h2 F (x)
ˇ˜Φa,s,0(t− x) dx
= h1
(
F ⋆ ˇ˜Ψa,s,0
)
(t) + h2
(
F ⋆ ˇ˜Φa,s,0
)
(t)
= h1 SΨF (a, s, t) + h2 SΦ(a, s, t)
(iii). For t′ ∈ R2, we have
SΨ (Tt′F ) (a, s, t)
=
(
Sψ1(Tt′f1) + Sψˇ2
ˇ(Tt′f2)
)
(a, s, t) + j
(
Sψ1(Tt′f2)− Sψˇ2 ˇ(Tt′f1)
)
(a, s, t). (3.7)
Moreover, for k = 1, 2, we have
Sψ1Tt′fk(a, s, t) =
∫
R2
fk(x− t′)ψ1a,s,t(x) dx
= |Aa|−1/2
∫
R2
fk(x− t′)ψ1(Aa−1Ss−1(x− t)) dx
= |Aa|−1/2
∫
R2
fk(z)ψ1(Aa
−1Ss
−1((z − (t− t′)) dz
= Sψ1fk (a, s, t− t′)
and
Sψˇ2
ˇ(Tt′fk)(a, s, t) =
∫
R2
ˇ(Tt′fk)(x) ψˇ2a,s,t(x) dx
= |Aa|−1/2
∫
R2
(Tt′fk)(−x) ψˇ2(Aa−1Ss−1(x− t)) dx
= |Aa|−1/2
∫
R2
(Tt′fk)(y) ψˇ2(Aa
−1Ss
−1(−y − t)) (−dy)
= |Aa|−1/2
∫
R2
fk(y − t′) ψˇ2(Aa−1Ss−1(−y − t)) (−dy)
= |Aa|−1/2
∫
R2
fk(−z) ψˇ2(Aa−1Ss−1(z − t′ − t)) dz
= |Aa|−1/2
∫
R2
fˇk(z) ψˇ2(Aa
−1Ss
−1(z − (t′ + t)) dz
= Sψˇ2 fˇk (a, s, t+ t
′) .
Using the above two estimates in (3.7), we get
SΨ (Tt′F ) (a, s, t) = [Sψ1f1] (a, s, t− t′) +
[
Sψˇ2 fˇ2
]
(a, s, t+ t′)
+j
(
[Sψ1f2] (a, s, t− t′)−
[
Sψˇ2 fˇ1
]
(a, s, t+ t′)
)
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(iv). For λ ∈ R, we have
SΨ (F (λ x)) (a, s, t)
=
(
Sψ1f1(λ x) + Sψˇ2 fˇ2(λ x)
)
(a, s, t) + j
(
Sψ1f2(λ x)− Sψˇ2 fˇ1(λ x)
)
(a, s, t). (3.8)
For k = 1, 2, we observe that
[Sψ1fk(λ x)] (a, s, t) =
∫
R2
fk(λ x)ψ1a,s,t(x) dx
= |Aa|−1/2
∫
R2
fk(λ x)ψ1(Aa
−1Ss
−1(x− t)) dx
= |Aa|−1/2 1
λ
∫
R2
fk(z)ψ1(Aa
−1Ss
−1(z/λ− t)) dz
= |Aa|−1/2 1
λ
∫
R2
fk(z)ψ1(Aa
−1Ss/λ
−1(z − λt)) dz
=
1
λ
[Sψ1fk(x)] (a, s/λ, λ t).
A similar computation will show that
[Sψˇ2 fˇi(λ x)] (a, s, t) = 1λ [Sψˇ2 fˇi(x)] (a, s/λ, λ t), i = 1, 2.
We note that Ss/λ =
(
1/λ s/λ
0 1/λ
)
. Using the above two estimates in (3.8), we observe
that
SΨ (F (λ x)) (a, s, t) = 1
λ
[SΨF (x)] (a, s/λ, λ t).
Lemma 3.5. Let Ψ ∈ L2(R2,H) be an admissible shearlet. Then, for any F ∈ L2(R2,H),
we have
FQ [SΨF (a, s, t)] (ω) = |Aa|1/2 Fˆ (ω) Ψˆ(ωSsAa).
Proof. By invoking the convolution theorem for QFT, we have
FQ [SΨF (a, s, t)] (ω) = FQ
[
(F ⋆ ˇ˜Ψa,s,0)(t)
]
(ω)
= FQ [F ] (ω) FQ
[
ˇ˜Ψa,s,0
]
(ω)
= FQ [F ] (ω) FQ
[
ψˇ1a,s,0 − jψ2a,s,0
]
(ω)
= FQ [F ] (ω)
[
FQ[ψˇ1a,s,0](ω)− j FQ[ψ2a,s,0](ω)
]
= FQ [F ] (ω)
{
|Aa|1/2 FQ
[
ψˇ1
]
(ωSsAa)− j |Aa|1/2 FQ [ψ2] (ωSsAa)
}
= |Aa|1/2 FQ [F ] (ω)FQ
[
ψˇ1 − j ψ2
]
(ωSsAa)
= |Aa|1/2 FQ [F ] (ω)FQ
[
ˇ˜Ψ
]
(ωSsAa)
= |Aa|1/2 Fˆ (ω) Ψˆ(ωSsAa),
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which evidently completes the proof of the Lemma.
Theorem 3.6 (Moyal’s Principle). Suppose Ψ ∈ L2(R2,H) satisfies the admissibility
condition (3.1). Then, for any F ,G ∈ L2(R2,H), we have∫
R2
∫
R
∫
R+
SΨF (a, s, t)SΨG(a, s, t)da ds dt
a3
= CΨ
〈
F,G
〉
2
.
Proof. Consider two functions F ,G ∈ L2(R2,H) and suppose that Ψ ∈ L2(R2,H) is
admissible. Then, by Fubini theorem and Plancheral theorem for QFT, we obtain∫
R2
∫
R
∫
R+
SΨF (a, s, t)SΨG(a, s, t)da ds dt
a3
=
∫
R
∫
R+
{∫
R2
FQ [SΨF (a, s, t)] (ω)FQ [SΨF (a, s, t)] (ω) dω
}
da ds
a3
=
∫
R
∫
R+
{∫
R2
| Aa |1/2 Fˆ (ω) Ψˆ(ωSsAa) | Aa |1/2 Gˆ(ω) Ψˆ(ωSsAa) dω
}
da ds
a3
=
∫
R
∫
R+
{∫
R2
Fˆ (ω)Gˆ(ω) ‖Ψˆ(ωSsAa)‖2H
}
da ds
a3
=
∫
R2
{∫
R
∫
R+
‖Ψˆ(ωSsAa)‖2H
a3/2
da ds
}
Fˆ (ω)Gˆ(ω) dω
= CΨ
∫
R2
Fˆ (ω)Gˆ(ω) dω
= CΨ
∫
R2
F (t)Gˆ(t) dt
= CΨ 〈F,G〉2,
where CΨ is given by (3.1). This completes the proof of the theorem.
Corollary 3.7. If Ψ ∈ L2(R2,H) satisfies the admissibility condition (3.1). Then, for
any any F ∈ L2(R2,H), we have∫
R2
∫
R
∫
R+
‖SΨF (a, s, t)‖2H
da ds dt
a3
= CΨ
∥∥F∥∥
2
. (3.9)
From (3.9), it is clear to observe that the quaternion shearlet transform is a bounded
linear operator from L2(R2,H) to L2(R2 × R× R+,H).
Theorem 3.8 (Inversion Formula). Let F ∈ L2(R2,H) and SΨF (a, s, t) denotes the
quaternion shearlet transform of F with respect to Ψ ∈ L2(R2,H), then
F (x) =
1
CΨ
∫
R
∫
R+
(SΨF (a, s, t) ⋆Ψa,s,0)(x) da ds
a3
, x ∈ R2. (3.10)
Proof. Using convolution theorem for QFT and Lemma 2.7, we have
FQ [SΨF (a, s, t)] (ω) = FQ
[
(F ⋆ ˇ˜Ψa,s,0)(t)
]
(ω)
= |Aa|1/2 Fˆ (ω) Ψˆ(ωSsAa).
10
Moreover, we have
FQ
[(
F ⋆ ˇ˜Ψa,s,0
)
⋆Ψa,s,0
]
(ω) = FQ
[
F ⋆ ˇ˜Ψa,s,0
]
(ω)FQ [Ψa,s,0] (ω)
= |Aa|1/2 Fˆ (ω) Ψˆ(ωSsAa) |Aa|1/2 Ψˆ(ωSsAa)
= a3/2 Fˆ (ω)
∥∥∥Ψˆ(ωSsAa)∥∥∥2
H
.
Integrating the above equation on both sides with respect to the measure
da ds
a3
, we obtain
∫
R
∫
R+
FQ
[(
F ⋆ ˇ˜Ψa,s,0
)
⋆Ψa,s,0
]
(ω)
da ds
a3
=
∫
R
∫
R+
a3/2 Fˆ (ω) ‖Ψˆ(ωSsAa)‖2H
da ds
a3
= Fˆ (ω)CΨ.
By virtue of Fubini theorem and the definition of inverse QFT, we have
F (x) =
∫
R2
Fˆ (ω) e2πiω·x dω
=
1
CΨ
∫
R2
{∫
R
∫
R+
FQ
[(
F ⋆ ˇ˜Ψa,s,0
)
⋆Ψa,s,0
]
(ω)
da ds
a3
}
e2πiω·x dω
=
∫
R
∫
R+
{∫
R2
FQ
[(
F ⋆ ˇ˜Ψa,s,0
)
⋆Ψa,s,0
]
(ω) e2πiω·x dω
}
da ds
a3
=
∫
R
∫
R+
[(
F ⋆ ˇ˜Ψa,s,0
)
⋆Ψa,s,0
]
(x)
da ds
a3
=
1
CΨ
∫
R
∫
R+
(SΨF (a, s, t) ⋆Ψa,s,0) (x) da ds
a3
, x ∈ R2,
which evidently completes the proof.
4. Uncertainty Principles for Quaternion Shearlet Transforms
In this Section, we shall establish an analogue of the well-known Heisenberg’s uncertainty
inequality and the corresponding logarithmic version for the quaternion shearlet transform
as defined in (3.4).
Theorem 4.1. Suppose Ψ ∈ L2(R2,H) is an admissible shearlet, then for any non-zero
function F ∈ L2(R2,H), we have
(∫
R2
∫
R
∫
R+
‖t‖2 ‖SΨF (a, s, t)‖2H
da ds dt
a3
)1/2 (∫
R2
‖ω‖2 ‖Fˆ (ω)‖2H
)1/2
≥
√
CΨ
2π
‖F‖22.
Proof. It is well known that for any quaternion valued function F ∈ L2(R2,H), the
Heisenberg Paul-weyl inequality [4] is given by
(∫
R2
‖t‖2 ‖F (t)‖2H dt
)1/2 (∫
R2
‖ω‖2 ‖Fˆ (ω)‖2H
)1/2
≥ 1
2π
∫
R2
‖F (t)‖2H dt. (4.1)
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As SΨF (a, s, t) ∈ L2(R2,H) whenever F ∈ L2(R2,H), so we can replace F by SΨF (a, s, t)
in the inequality (4.1) to obtain(∫
R2
‖t‖2 ‖SΨF (a, s, t)‖2H dt
)1/2 (∫
R2
‖ω‖2 ‖FQ [SΨF (a, s, t)]‖2H
)1/2
≥ 1
2π
∫
R2
‖SΨF (a, s, t)‖2H dt.
We integrate the above inequality with respect to measure da ds/a3, so that
∫
R
∫
R+
{(∫
R2
‖t‖2 ‖SΨF (a, s, t)‖2H dt
)1/2 (∫
R2
‖ω‖2 ‖FQ [SΨF (a, s, t)]‖2H
)1/2}
ds dt
a3
≥ 1
2π
∫
R
∫
R+
∫
R2
‖SΨF (a, s, t)‖2H
da ds dt
a3
.
Using Schwartz inequality followed by Fubini theorem and (3.9), we obatin(∫
R2
∫
R
∫
R+
‖t‖2 ‖SΨF (a, s, t)‖2H
da ds dt
a3
)1/2
(∫
R2
∫
R
∫
R+
‖ω‖2 ‖FQ [SΨF (a, s, t)]‖2H
da ds dt
a3
)1/2
≥ 1
2π
CΨ ‖F‖22. (4.2)
Invoking Lemma 3.5 and using (3.1), we observe that∫
R2
∫
R
∫
R+
‖ω‖2 ‖FQ [SΨF (a, s, t)]‖2H
da ds dt
a3
=
∫
R2
∫
R
∫
R+
‖ω‖2
∥∥∥Fˆ (ω)∥∥∥2
H
‖Ψˆ(ωSsAa)‖2H
da ds dω
a3/2
=
∫
R2
{∫
R
∫
R+
∥∥∥Ψˆ(ωSsAa)∥∥∥2
H
a3/2
da ds
}
‖ω‖2 ‖Fˆ (ω)‖2H dω
= CΨ
∫
R2
‖ω‖2 ‖Fˆ (ω)‖2H dω.
Using the above estimate in (4.2), we obtain the desired result(∫
R2
∫
R
∫
R+
‖t‖2 ‖SΨF (a, s, t)‖2H
da ds dt
a3
)1/2 (∫
R2
‖ω‖2 ‖Fˆ (ω)‖2H
)1/2
≥
√
CΨ
2π
‖F‖22.
We now derive the logarithmic uncertainty principle associated with the quaternion
shearlet transform.
Theorem 4.2. Let F,Ψ belong to the Schwartz class S(R2,H), then the following loga-
rithmic estimate of the uncertainty inequality hold:∫
R2
∫
R
∫
R+
ln ‖t‖ ‖SΨF (a, s, t)‖2H
da ds dt
a3
+ CΨ
∫
R2
‖ω‖ ‖Fˆ (ω)‖2H dω
≥ CΨ
(
Γ′(1/2)
Γ(1/2)
− ln π
)
‖F‖22
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Proof. For any non-zero function F ∈ S(R2,H), the time and frequency spreads satisfy
the following inequality [6]∫
R2
ln ‖t‖ ‖F (t)‖2dt+
∫
R2
ln ‖ω‖ ‖Fˆ (ω)‖2H dω ≥
(
Γ′(1/2)
Γ(1/2)
− ln π
)∫
R2
‖F (t)‖2H dt.
Replacing F (t) by SΨF (a, s, t) in the above inequality, we obtain∫
R2
ln ‖t‖ ‖SΨF (a, s, t)‖2Hdt+
∫
R2
ln ‖ω‖‖FQ [SΨF (a, s, t)]‖2Hdω
≥
(
Γ′(1/2)
Γ(1/2)
− ln π
)∫
R2
‖SΨF (a, s, t)‖2H dt
Integrate the above inequality with respect to measure da ds/a3 and then apply Fubini
theorem, we obtain∫
R2
∫
R
∫
R+
ln ‖t‖ ‖SΨF (a, s, t)‖2H
da ds dt
a3
+
∫
R2
∫
R
∫
R+
ln ‖ω‖‖FQ [SΨF (a, s, t)]‖2H
da ds dω
a3
≥
(
Γ′(1/2)
Γ(1/2)
− ln π
)∫
R2
∫
R
∫
R+
‖SΨF (a, s, t)‖2H
da ds dt
a3
.
(4.3)
By estimating the second integral in the L.H.S of the above inequality, we have∫
R2
∫
R
∫
R+
ln ‖ω‖‖FQ [SΨF (a, s, t)]‖2H
da ds dω
a3
=
∫
R2
∫
R
∫
R+
ln ‖ω‖ ‖Fˆ (ω)‖2H ‖Ψˆ(ωSsAa)‖2H
da ds dω
a3/2
=
∫
R2
{∫
R
∫
R+
‖Ψˆ(ωSsAa)‖2H
a3/2
da ds
}
ln ‖ω‖ ‖Fˆ (ω)‖2H dω
= CΨ
∫
R2
ln ‖ω‖ ‖Fˆ (ω)‖2H dω.
Plugging the above estimate in (4.3) , we get∫
R2
∫
R
∫
R+
ln ‖t‖ ‖SΨF (a, s, t)‖2H
da ds dt
a3
+ CΨ
∫
R2
ln ‖ω‖ ‖Fˆ (ω)‖2H dω ≥(
Γ′(1/2)
Γ(1/2)
− ln π
)∫
R2
∫
R
∫
R+
‖SΨF (a, s, t)‖2H
da ds dt
a3
.
Finally, using the Corollary 3.7, we get the desired result∫
R2
∫
R
∫
R+
ln ‖t‖ ‖SΨF (a, s, t)‖2H
da ds dt
a3
+ CΨ
∫
R2
‖ω‖ ‖Fˆ (ω)‖2H dω
≥ CΨ
(
Γ′(1/2)
Γ(1/2)
− ln π
)
‖F‖22.
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